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ABSTRACT
In the near future, cosmology will enter the wide and deep galaxy survey era, enabling high-precision studies
of the large-scale structure of the universe in three dimensions. To test cosmological models and determine
their parameters accurately, it is necessary to use data with exact theoretical expectations expressed in the
observational parameter space (angles and redshift). The data-driven, galaxy number count fluctuations on
redshift shells can be used to build correlation functions ξ(θ, z1, z2) on and between shells to probe the baryonic
acoustic oscillations and distance-redshift distortions, as well as gravitational lensing and other relativistic
effects. To obtain a numerical estimation of ξ(θ, z1, z2) from a cosmological model, it is typical to use either
a closed form derived from a tripolar spherical expansion or to compute the power spectrum C`(z1, z2) and
perform a Legendre polynomial P`(cos θ) expansion. Here, we present here a new derivation of a ξ(θ, z1, z2)
closed form using the spherical harmonic expansion and proceeding to an infinite sum over multipoles thanks
to an addition theorem. We demonstrate that this new expression is perfectly compatible with the existing
closed forms but is simpler to establish and manipulate. We provide formulas for the leading density and
redshift-space contributions, but also show how Doppler-like and lensing terms can be easily included in this
formalism. We have implemented and made publicly available a software for computing those correlations
efficiently, without any Limber approximation, and validated this software with the CLASSgal code. It is
available at https://gitlab.in2p3.fr/campagne/AngPow.
Subject headings: cosmology: theory - large-scale structure of universe - methods: numerical
1. INTRODUCTION
In the near future, wide and deep surveys of galaxies, per-
formed with, for instance, the Dark Energy Spectroscopic In-
strument (DESI) (Levi et al. 2013), the Large Synoptic Survey
Telescope (LSST) (Ivezic et al. 2008), and the Euclid satellite
(Laureijs et al. 2011), will map the galaxy density field with
unprecedented precision. They will produce catalogs contain-
ing information on the large-scale structure of the universe in
three dimensions: the angular position n and the redshift z of
each galaxy. Most of the cosmological information in clus-
tering studies is contained within two-point functions of mat-
ter overdensities, o,r equivalently, their Fourier power spec-
tra. Data are most easily analyzed and understood in the real
space, but in linear perturbation theory, models are expressed
in the Fourier space (where perturbation modes evolve inde-
pendently).
When observing galaxies, one does not really have a di-
rect measurement of the three (x, y, z) Euclidean coordinates:
redshifts must be translated into positions, which requires
a fiducial cosmological model that introduces theory within
observations. Furthermore, the model neglects the peculiar
velocities of galaxies and produces the so-called ”redshift-
space distortions” (RSDs), which have been better expressed
in the Fourier space, following the pioneering work of Kaiser
(1987).
On the theory side, thanks to the work of Durrer (2008);
Yoo et al. (2009); Yoo (2010); Challinor & Lewis (2011);
Bonvin & Durrer (2011), a complete gauge-invariant formal-
ism exists that includes all the linear contributions affecting
overdensities measured at a given redshift. This formalism al-
lows us to compute the power spectra on and between spheri-
cal ”shells” at a given redshift possibly smeared by some se-
lection function.
The use of redshift-dependent angular correlation functions
on and between two redshift shells as an ensemble average,
ξ(θ, z1, z2) = 〈∆(n1, z1)∆(n2, z2)〉 with n1.n2 = cos θ (1)
then looks appealing both for theoretical and experimental
reasons. More precisely, Equation (1) is computed using
the galaxy number count perturbation in a 3D spherical vol-
ume ∆(n, z) = (N(n, z) − 〈N〉(z))/〈N〉(z) in two directions
(n1,n2) at two different redshifts (z1, z2) under the constraint
n1.n2 = cos θ.
To get a compact expression of the ξ(θ, z1, z2) function that
is numerically tractable, one can express ∆(n, z) in the Fourier
space, and use the ξ symmetry to perform a tripolar spherical
harmonics expansion, which is simplified in specific coordi-
nate systems. This is the path followed, for instance, in Szalay
et al. (1998); Szapudi (2004); Pa´pai & Szapudi (2008); Mon-
tanari & Durrer (2012); Bertacca et al. (2012). This approach
has also been followed in the context of two-point correlation
functions between two different populations of galaxies (e.g.
Bonvin et al. 2014; Bonvin 2014).
Alternatively, to obtain numerical values of ξ(θ, z1, z2), one
may also proceed first by expanding ∆(n, z) at a fixed redshift
z on a spherical harmonic basis to determine an angular power
spectrum C`(z1, z2) between two shells at z1 and z2, and sec-
ondly by computing
ξ(θ, z1, z2) =
1
4pi
∞∑
`=0
(2` + 1)P`(cos θ)C`(z1, z2), (2)
with P`(x) being the `th Legendre polynomial. This is the
path followed, for instance, in references Di Dio et al. (2013,
2014); Montanari & Durrer (2015); Lepori et al. (2017). In
practice, the sum in Equation (2) must be truncated at some
` = `max value, which leads to spurious oscillations and re-
quires some classically smooth windowing (”apodization”).
Looking at the two methods, it is legitimate to ask whether
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one can obtain a compact expression of ξ(θ, z1, z2) using Equa-
tion (2) and bypassing the intermediate computation of C`. It
is the purpose of this article to show that such a direct method
can be set up efficiently as a point-to-point equivalent to the
previously existing tripolar spherical expansion, and be suit-
able for numerical implementation. From this perspective, we
have released the Angpow code (Campagne et al. 2017) to pro-
ceed with some numerical tests and a comparison with the
publicly available code CLASSgal (Di Dio et al. 2013).
In the following sections, after a brief review of the com-
putation of ξ(θ, z1, z2), with RSD included by tripolar spher-
ical expansion, we proceed to the derivation of the power
spectrum C`(z1, z2) and then expose in detail our new pro-
cedure of expansion. We show that both compact expres-
sions agree point-to-point and discuss the advantage of the
new expression. Some extensions that include other effects
such as redshift selection functions and physics processes
like sub-leading RSD (or with similar expression) and mat-
ter lensing, are also discussed. Then, the new computation is
validated within the framework of the Angpow code against
the CLASSgal code using RSD contribution and Gaussian
redshift selection functions. We show some results of the
ξ(θ, z1, z2) computation in the measurement space (θ, z2 − z1).
2. GALAXY COUNT CORRELATION FUNCTION
The two-point correlation function is defined as an ensem-
ble average
ξ(n1,n2, z1, z2) = 〈∆(n1, z1)∆(n2, z2)〉 (3)
with the constraint n1.n2 = cos θ as we assume a homoge-
neous and isotropic background. ∆(n, z) is the galaxy frac-
tional number overdensity in an elementary volume pointed
by the observer in the direction n at the redshift z (using
r = r(z) n).
2.1. The relativistic linear theory
Linear approximation perturbation theory (Durrer 2008;
Yoo et al. 2009; Yoo 2010; Challinor & Lewis 2011; Bon-
vin & Durrer 2011) gives the different contributions to ∆(n, z),
among them the density fluctuations and the redshift RSD that
we consider here for simplicity (see Section 3.3 for the intro-
duction of other effects). It yields
∆(n, z) = D(n, z) − 1H(z)∂r(V(n, z).n). (4)
The Fourier transform of this equation reads (k = k kˆ)
∆(k, z) = D(k, z) − kH(z) (kˆ.n)
2 V(k, z). (5)
with D(k, z) as the density fluctuation contribution in the co-
moving gauge and V(k, z) as the velocity potential in the
longitudinal gauge such that V(k) = −ikˆV(k), and H(z) =
a(z)H(z) is the comoving Hubble parameter. To alleviate the
notations, we have only shown the redshift z, while the z de-
pendence is given through the conformal time τ(z) (Bonvin &
Durrer 2011; Di Dio et al. 2013), defined as τ(z) = τ0 − r(z),
with r(z) being the radial comoving distance at redshift z and
τ0 being the conformal age of the universe.
The D(k, z) and V(k, z) perturbations are related by transfer
functions to some random metric perturbation that we take to
be the initial Bardeen potential Ψin such that
D(k, z) = TD(k, z)Ψin(k)
D(k, z) = TV (k, z)Ψin(k) (6)
The continuity equation gives the following relation be-
tween the matter density and the velocity transfer functions:
TV (k, z) = −H(z)k fa(z)TD(k, z) (7)
with
fa(z) ≡ d logG(a(z))/d log a(z) a(z) = 1/(1 + z).
For simplicity, we have set the linear redshift-dependant bias
b(z) to 1. Equation (5) yields
∆(k, z) = Ψin(k)TD(k, z)
(
1 + fa(z)(kˆ.n)2
)
. (8)
One defines the primordial power spectrum Pin(k) accord-
ing to the statistical property of the Ψin(k) field (Durrer 2008;
Bonvin & Durrer 2011)
〈Ψin(k)Ψin(k′)〉 = Pin(k)δ(k + k′) (9)
Finally, we introduce the approximation valid at low redshift
but compatible with the next generation of galaxy surveys,
using the growth factor G(z) and the power spectrum P|z=0(k)
at z = 0
P|z=0(k)G(z1)G(z2) ≈ Pin(k)TD(k, z1)TD(k, z2). (10)
We recall in the next section how a closed form of the two-
point correlation function using tripolar spherical expansion
has been derived.
2.2. Tripolar spherical harmonics expansion
The correlation function is the Fourier transform of the
power spectrum:
ξ(n1,n2, z1, z2) = G(z1)G(z2)
∫
dk
(2pi)2/3
e−ik.(r2−r1)P|z=0(k)
×
{
1 + fa(z1)(kˆ.n1)2
} {
1 + fa(z2)(kˆ.n2)2
}
.
(11)
Using the Legendre polynomial expansion of x2, i.e. x2 =
1/3 + 2/3P2(x), one finds the following expression (R ≡ r2 −
r1 ≡ R n12):
ξ(n1,n2, z1, z2) = G(z1)G(z2)
∫
dk
(2pi)2/3
e−i (kR) kˆ.RP|z=0(k)
×
{
1 +
fa(z1)
3
+
2 fa(z1)
3
P2(kˆ.n1)
}
×
{
1 +
fa(z2)
3
+
2 fa(z2)
3
P2(kˆ.n2)
}
.
(12)
Closed forms were established, e.g., in reference Szalay
et al. (1998) when z1, z2  1 and without this restriction, as
well as and more generally in the context of wide-angle sur-
veys (Matsubara et al. 2000; Matsubara 2004; Szapudi 2004;
Pa´pai & Szapudi 2008; Raccanelli et al. 2010; Bertacca et al.
2012; Montanari & Durrer 2012). Exploiting the invariance
of ξ with respect to the rotation of the triangle (r1, r2,R), one
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Fig. 1.— Definition of the coordinate system used by observer O to point
in two directions, r1 and r2, which form a plane. Here we assume φ1 ≤ φ2.
Implicitly φ1 (φ2) depends on r1 (r2), R and θ = φ2 − φ1. R is parallel to the
reference axis of the φ angles.
can get an expansion on the orthogonal basis of the tripolar
spherical harmonic functions defined as (Varshalovich et al.
1988; Szapudi 2004; Pa´pai & Szapudi 2008; Raccanelli et al.
2010)
S `1`2`(n1,n2,n12) =
∑
m1,m2,m
(
`1 `2 `
m1 m2 m
)
×C`1m1 (n1)C`2m2 (n2)C`m(n12), (13)
with the Wigner 3-j symbol in parentheses and
C`m(n12) =
√
4pi
2` + 1
Y`m(n12).
Using a specific coordinate system (Figure 1), the tripo-
lar spherical expansion reduces to a compact form (Szapudi
2004; Pa´pai & Szapudi 2008; Montanari & Durrer 2012)
ξ(z1, z2, φ1, φ2) =G(z1)G(z2)
×
∑
m1m2= 0,1,2
[
am1m2 cos(m1φ1) cos(m2φ2)
+ bm1m2 sin(m1φ1) sin(m2φ2)
] (14)
The am1m2 and bm1m2 coefficients (see Appendix A) depend on
1. fa(z1), fa(z2) and
2. ζm` (R), integral functions defined as
ζm` (R) =
∫
dk
2pi2
km j`(kR)Pz=0(k) (15)
with j`(x) as the spherical Bessel function of order `,
and
R(r1, r2, θ) =
√
r21 + r
2
2 − 2r1r2 cos θ. (16)
In the case of matter density and RSD contributions one
needs to compute ζ2m(R) with m = 0, 2, 4, exhibiting an
integrand proportional to k2 Pz=0(k).
One can define φ1 and φ2 as functions of r1, r2 and θ as
φ1 = arcsin
( r2
R
sin θ
)
φ2 =φ1 + θ = arcsin
( r1
R
sin θ
)
(17)
so that it is justified to consider ξ as function of (z1, z2, θ).
3. SPHERICAL HARMONIC SPACE
We present now a new derivation of a closed form of the
two-point correlation function using the spherical harmonic
expansion of the galaxy count.
3.1. The power spectrum C`(z1, z2)
At fixed redshift value z, the function ∆(n, z) (4) can be ex-
panded using spherical harmonic functions as
∆(n, z) =
∞∑
`=0
a`m(z)Y`m(n) (18)
The a`m(z) coefficients are related to the Fourier transform of
∆(n, z) by the following relation:
a`m(z) = i`
√
2
pi
∫
dk ∆(k, z) j`(kr(z))Y∗`m(kˆ). (19)
Using the identity (Yoo et al. 2009)
i (kˆ.n) ei kr (kˆ.n) =
∂
∂(kr)
ei kr (kˆ.n) , (20)
then the spherical harmonic contributions from the density
fluctuation and the velocity gradient read
aD`m(z) = i
`
√
2
pi
∫
dk D(k, z) j`(kr(z))Y∗`m(kˆ)
a∂V`m(z) = i
`
√
2
pi
∫
dk kV(k, z) j′′` (kr(z))Y
∗
`m(kˆ). (21)
The j′′` (x) is the second derivative of the j`(x) function. The
spherical harmonics expansion of Equation (4) reads
a`m(z) = i`
√
2
pi
∫
dkΨin(k)TD(k, z)
×
[
j`(kr(z)) − fa(z) j′′` (kr(z))
]
Y∗`m(kˆ).
(22)
The angular power spectrum C`(z1, z2) is obtained as an en-
semble average of the correlation between two a`m(z)
C`(z1, z2) = 〈a`m(z1)a∗`m(z2)〉
= G(z1)G(z2)
2
pi
∫
dk k2 P|z=0(k)
×
{
j`(kr1) − fa(z1) j′′` (kr1)
} {
j`(kr2) − fa(z2) j′′` (kr2)
}
.
(23)
where ri = r(zi).
3.2. The new ξ expansion
Using the statistical isotropy of our universe, the correlation
function ξ may be computed by summing up the C`’s (Durrer
2008; Di Dio et al. 2013, 2014; Lepori et al. 2017) according
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to Equation (2). The expression of the ξ function reads
ξ(θ,z1, z2) = G(z1)G(z2)
1
2pi2
∫
dk k2P|z=0(k)
×
 ∞∑
`=0
(2` + 1)P`(cos θ) j`(kr1) j`(kr2)
− fa(z2)
∞∑
`=0
(2` + 1)P`(cos θ) j`(kr1) j′′` (kr2)
− fa(z1)
∞∑
`=0
(2` + 1)P`(cos θ) j`(kr2) j′′` (kr1)
+ fa(z1) fa(z2)
∞∑
`=0
(2` + 1)P`(cos θ) j′′` (kr1) j
′′
` (kr2)
 .
(24)
We define the function A(x1, x2, θ) by the following result
(Abramowitz & Stegun 1964, Equation (10.1.45)) 1
A(x1, x2, θ) =
∞∑
`=0
(2` + 1)P`(cos θ) j`(x1) j`(x2)
= sinc(R(x1, x2, θ))
(25)
where sinc(x) = sin(x)/x = j0(x) and xi = kri. It yields that
the ξ function can be expressed as the following expansion:
ξ(θ,z1, z2) = G(z1)G(z2)
1
2pi2
∫
dk k2 P|z=0(k)
×
A(x1, x2, θ) − fa(z2)∂2A(x1, x2, θ)∂x22 − fa(z1)∂
2A(x1, x2, θ)
∂x21
+ fa(z1) fa(z2)
∂4A(x1, x2, θ)
∂x21∂x
2
2

(26)
which establishes our main result. The A-function and its
derivatives depend on kr1, kr2 and cos θ and on the derivative
of sinc(x) (Appendix B).
Equations (14) and (26) are two expansions that are in prin-
ciple of the same ξ function, and indeed in Appendix C we
demonstrate formally that it is case. However, we find that our
formulation is more straightforward and we provide a public
implementation within the Angpow software, which will be
discussed in Section 4. It also provides a natural framework
to incorporate the relativistic terms, as exemplified next.
3.3. Beyond the Kaiser RSD contribution to galaxy count
So far, we have only considered the matter density fluctu-
ation and the main RSD contributions that lead to expression
(4). Durrer (2008), Yoo et al. (2009), Yoo (2010), Challinor
& Lewis (2011) and Bonvin & Durrer (2011) described in de-
tail other expressions. It is not the purpose of this section to
review all of them but rather to show with two examples how
expression (26) can be extended.
3.3.1. Doppler-like term
The first case concerns terms proportional to V(n, z).n, e.g.
a sub-dominant RSD (except at low redshift), a boost term or
1 The same relation is also available at the following NIST web page:
http://dlmf.nist.gov/10.60
a selection function as considered, for instance, in Pa´pai &
Szapudi (2008); Raccanelli et al. (2010); Montanari & Durrer
(2012); Di Dio et al. (2013); Raccanelli et al. (2016). The
perturbation can be described with a generic α(z) function as
∆V.n(n, z) = −α(z)r(z) V(n, z).n (27)
Such a contribution in Fourier space gives rise to a term pro-
portional to kˆ.n
∆V.n(k, z) = i
α(z)
r(z)
(kˆ.n)V(k, z) (28)
and leads to contributions to expansion (14) discussed in
Montanari & Durrer (2012). However, using the identity (20),
one can deduce that in spherical harmonic space it yields a
contribution to Equation (22) of the form
aV.n`m (z) = −i`
√
2
pi
∫
dkΨin(k)TD(k, z)Y∗`m(kˆ)
× α(z)H(z) fa(z)
kr(z)
j′`(kr(z))
(29)
which exhibit a j′`(x) factor. Then, correspondingly, this
leads to contributions to expression (26) due to sums over `
similar to those shown in Equation (24) which may be ex-
pressed as derivatives of the A function (25) as
∞∑
`=0
(2` + 1)P`(cos θ) j′`(xi) j
(n)
`
(x j) =
∂n+1A
∂xi∂nx j
(30)
with j(n)
`
(x) the n-th derivative of j`(x) with respect to x. This
result can be generalized to any power of (kˆ.n)p that is con-
verted to a p-th derivative of the A(xi, x j, θ) function with re-
spect to xi (and x j).
3.3.2. Lensing term
The second case concerns integral terms as the solid an-
gle distortion generated by gravitation lensing (e.g., Bonvin &
Durrer 2011; Bonvin 2014; Montanari & Durrer 2015) which
reads
∆lens(n, z) = − 1r(z)
∫ r(z)
0
dr′
(
r(z) − r′
r′
)
× ∆Ω [(Ψ + Φ)(r′n, τ0 − r′)]
(31)
with Ψ and Φ as the Bardeen fields (Bardeen 1980) corre-
sponding to the temporal and spatial metric perturbations in
the longitudinal gauge, and
∆Ω ≡
(
cot θ
∂
∂θ
+
∂2
∂θ2
)
+
(
1
sin2 θ
∂
∂φ
)
≡ ∆θ + ∆φ (32)
as the angular Laplacian operator in spherical coordinates. In
harmonic space, Equation (31) gives a new contribution to
a`m(z) (Equation (22)), which for simplicity, can be written
here using the equality between the Ψ and Φ fields in linear
theory in case of ΛCDM:
alens`m (z) = i
``(` + 1)
√
8
pi
∫ r(z)
0
dr′
(
r(z) − r′
r(z)r′
)
×
∫
dk Y∗`m(kˆ) Ψ(k, z
′) j`(kr′)
(33)
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where we have used the property ∆ΩY∗`m = −`(` + 1)Y∗`m.
Using the result given in Bonvin (2014), the transfer func-
tion TΨ(k, z) associated with the Ψ field is related to TD(k, z)
(Equation (6)) as
Ψ(k, z) = TΨ(k, z)Ψin(k)
TΨ(k, z) = −32Ωm(1 + z)
(H0
k
)2
TD(k, z)
(34)
with Ωm as the present matter density parameter and H0 as
the present Hubble parameter. It yields
alens`m (z) = i
``(` + 1)(−3ΩmH20)
√
2
pi
×
∫ z
0
dz′
H(z′)
(
r(z) − r(z′)
r(z)r(z′)
)
(1 + z′)
×
∫
dk
k2
Y∗`m(kˆ) Ψin(k)TD(k, z
′) j`(kr(z′))
(35)
where we have changed the integration variable r′ to z′.
Combining this result with the density and RSD contribu-
tions of Equation (22) and the extension given by Equation
(29), the expression of ξ(θ; z1, z2) leads to new infinite `-sums
of two types:
S lens−cross =
∞∑
`=0
(2` + 1)P`(cos θ) j
(n)
`
(x)`(` + 1) j`(x′) (36)
S lens−lens =
∞∑
`=0
(2` + 1)P`(cos θ)`2(` + 1)2 j`(x) j`(x′) .(37)
The first equation type comes from the cross-correlation of
the lensing term with the density or RSD terms, as well as
those concerned by the V.n contribution, leading to a j(n)
`
(x)
factor (x = kr(z) and similarly x′ = kr(z′)). The second equa-
tion is the autocorrelation of the lensing term.
These two equation types can be handled with the following
Legendre polynomial property
∆θP`(cos θ) = −`(` + 1)P`(cos θ), (38)
which yields to the following derivative operator actions on
the A(x, x′, θ) function:
S lens−cross = −
(
∂n
∂xn
∆θ
)
A(x, x′, θ)
S lens−lens =
(
∆2θ
)
A(x, x′, θ),
(39)
where the ∆θ operator acts on θ in R(x, x′, θ) (see Appendix
B). With these results we can include the lensing terms in the
computation of ξ(θ, z1, z2) using the method developed in Sec-
tion 3.
4. IMPLEMENTATION IN ANGPOW
The formalism we developed is very suitable to implemen-
tation within our public code Angpow (Campagne et al. 2017),
which performs fast and accurate computations of such highly
oscillating integrals. The latest version now includes the com-
putation of ξ(θ, z1, z2) with density, RSD, and Doppler terms
2.
2 Downloadable from https://gitlab.in2p3.fr/campagne/AngPow
In practice, we compute
ξ¯(θ, z1, z2) =
"
dz dz′W1(z, z1, σ1)W2(z′, z2, σ2) ξ(θ, z, z′)
(40)
with Wi(z, zi, σi) (i = 1, 2), a user-defined redshift selection
function of typical σi width centered around 〈z〉 = zi (class
RadSelectBase). For this release the ξ(θ, z, z′) function in-
cludes the density, RSD contributions developed in Section
3.2, and the V.n (Doppler-like) contribution introduced in
Section 3.3.1.
Gathering the different contributions, one can write
ξ(θ, z, z′) =
G(z)G(z′)
2pi2
∫
dk k2 P|z=0(k) f (k; θ, z, z′) (41)
with P|z=0(k) determined from the concrete implementation of
the class PowerSpecBase to read an external (k, P(k))-tuple
saved by the CLASSgal output. The default growth factorG(z)
is taken from Lahav et al. (1991) and Carroll et al. (1992),
from which we compute the fa(z) function. The f (k; θ, z, z′)
implementation reads
f (k; θ, z, z′)
= bb′A − b f ′a∂2x′2A − b′ fa∂2x2A + fa f ′a∂4x2x′2A
− b α˜
′
x′
∂x′A − b′ α˜x ∂xA +
α˜ f ′a
x
∂3x x′2A
+
α˜′ fa
x′
∂3x2 x′A +
α˜α˜′
x x′
∂2x x′A
(42)
where we have explicitly exhibited the bias b = b(z) factor,
fa = fa(z), and A stands for A(θ, x, x′) with x = kr(z). We
have contracted the notation of the A-function derivatives as
∂nxp x′qA = ∂
nA/(∂xp∂x′q), with p+ q = n. The α˜(z) function is
defined from α(z) (Equation (27)) as α(z)H(z) fa(z). The sub-
leading term of the RSD leads to α˜(z) = 2 fa(z) (Montanari
& Durrer 2012). The prime stands for the z′ dependence of
the different terms. In Equation (42) note the density contri-
bution autocorrelation at the first line, the density-RSD cross-
correlation and RSD autocorrelation at the second line, the
density-Doppler cross-correlation at the third line, the RSD-
Doppler cross-correlation at the fourth line, and the Doppler
autocorrelation at the last line. As an illustration, the Figure
2 shows the behaviors of the different pieces entering Equa-
tions (40-42), taking into account the density and main RSD
terms, and Dirac selection functions at z1 = 1 and z2 such that
r(z2)−r(z1) = 50 Mpc, and different θ values: 0 mrad in panel
(a), 20 mrad in panel (b), and 40 mrad in panel (c).
The ξ(θ, z, z′) function can be computed thanks to the 3C-
algorithm developed for Angpow and described in Campagne
et al. (2017). In brief, this algorithm proceeds as follows:
1. the total integration k interval (e.g., [kmin, kmax]) in
Equation (41) is cut on several k-sub-intervals;
2. on each sub-interval the functions
f1(k) = G(z)G(z′)/(2pi2) × k2 P|z=0(k)
and schematically
f2(k) = f (k; θ, z, z′)
are projected onto Chebyshev series of order 2N ;
3. the product of the two Chebyshev series is performed
with a 22N Chebyshev series;
6 Campagne, Plaszczynski, & Neveu
Fig. 2.— Behaviors of the different contributions to the ξ(θ, z1, z2) integral
described in Equations (40-42) with z1 = 1, z2 corresponding to r(z2)−r(z1) =
50 Mpc and θ = 0 mrad in panel (a), 20 mrad in panel (b), and 40 mrad
in panel (c). The matter density and the main RSD contributions and their
interference are represented by black, blue, and red curves, respectively. In
each panel, the k2P|z=0(k) function is shown in green in arbitrary units from
a standard ΛCDM cosmology.
4. then, the integral on the sub-interval is computed thanks
to the Clenshaw-Curtis quadrature.
All the Chebyshev expansions and the Clenshaw-Curtis
quadrature are performed via the DCT-I fast transform of
FFTW.
5. NUMERICAL RESULTS
To test and benchmark our ξ closed form implementation,
we have chosen to compare its output to the flexible, publicly
and well established available software that performs similar
computations, CLASSgal (Di Dio et al. 2013). Note that the
CAMBsource (Challinor & Lewis 2011) code is in principle
able to perform the same computation. We have chosen a stan-
dard cosmology (for instance we set h = 0.679, Ωb = 0.0483,
Ωm = 0.2582 and Ωk = Ωfld = 0). We compute with each
code the density+RSD correlation functions in and between
two shells at redshifts of z1 = 1 and z2 = 1.05, and a com-
mon Gaussian redshift selection width of σ = 0.01. For a
proper comparison we turned off the Limber approximations
in CLASSgal. We set a cut on the k integral at kmax = 1 Mpc−1
because of memory overload with CLASSgal for larger val-
ues. In contrast our implementation is not memory-limited.
Since the CLASSgal code only computes the C`(z1, z2) power
spectra, afterward we perform the Equation (2) transform.
We emphasize that in our formalism the ` sum in Equation
(25) is performed formally up to infinity, so for comparison
with a C`-based approach we need to go to very high multi-
poles. Fortunately, any kmax cut that anyhow always exists in
real survey analysis also limits the power in harmonic space
to roughly `max ' 〈r(z)〉 kmax, where 〈r(z)〉 is the mean co-
mobile distance to the shells. Since in our benchmark setup
〈r(z)〉 ' 3300 Mpc, we compute multipoles up to `max = 3500
and no extra apodizing smoothing is necessary to wash out
Fig. 3.— Top panel: the θ2ξ(θ, z1, z2) computations with z1 = z2 = 1.00 and
a Gaussian selection function of width σ = 0.01, with redshift-space distor-
tions included. The red curve is the result of the present paper (Equations
(26) and (41)), while the blue dashed curves displays the CLASSgal result
given by the C` summation. Shown in the bottom panel is the absolute differ-
ences ∆ξ between the present paper and the CLASSgal results (black curve).
As a matter of scale, we also display the ξ(θ, z1, z2) spectrum downscaled by
a factor 100. Bottom panel(s): with the same color conventions and code
parameters we display the results of the cross-correlation between two shells
centered at z1 = 1.00 and z2 = 1.05 (σ = 0.01).
the `max cut effect, since the C` spectrum decreases quickly
enough to 0 at ` = `max.
A comparison between both computations of the correla-
tion functions is shown in Figure 3. They agree at the percent
level. The main difference is in the CPU time and Random
Access Memory (RAM) used. While CLASSgal runs on 8
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threads lasting around 3 min and requires 50GB of RAM, our
computation is performed in 30 s using 500 MB of RAM. On
16 threads, the wall time with CLASSgal is essentially un-
changed but requires 100 GB of RAM, while our implemen-
tation runs in 18 s with 1 GB of RAM.
With such performances we can also display the full
anisotropic ξ(θ, z1, z2) function in the observable space (θ,
∆z = z2 − z1). With this purpose we fix z1 to 1 and vary θ
and z2. This is similar to the figures displayed in reference
Matsubara (2004), but we can show the effect of the redshift
selection function. In the upper left plot of Figure 4, obtained
without RSD and Dirac radial selection functions (panel (a)),
one can discern the isotropic BAO wiggle corresponding to a
comoving sound horizon scale of about 150 Mpc. Switching
to a Gaussian redshift selection function (σ = 0.01, panel (b))
stretches out the central peak along the ∆z axis (note that no
angular resolution has been taken into account) and the BAO
wiggle is washed out along θ ≈ 0, while it is preserved at
higher angles for close z-shells (∆z ≈ 0). Turning on the RSD
contributions, i.e., both the density-RSD cross-correlation and
the RSD self-correlation (panel (c) for Dirac selection and
panel (d) for Gaussian selection), tends to shrink the central
correlation peak along the ∆z axis and to also develop a neg-
ative correlation for θ ≈ 0 and ∆z = ±0.05 corresponding
approximately to where the BAO peak sits in the Dirac-w/o
RSD case (panel (a)). The effect of the Gaussian redshift se-
lection function in the presence of RSD is identical that in the
Dirac case.
6. SUMMARY AND OUTLOOKS
We have described a straightforward method to obtain a
closed form for the angular correlation function of galaxy
counts ξ(θ, z1, z2) (Equation (26)). The main ingredient to
derive it was a reformulation of the problem in harmonic
space and an addition theorem (Equation (25)), which lead to
the simple analytic functions presented in Appendix B. The
closed form determined with our approach has been checked
to correspond to a previous one after identifying the different
expansion coefficients.
The 3C-algorithm detailed in reference Campagne et al.
(2017) and our compact form of ξ(θ, z1, z2) offer a fast and
accurate way to compute such correlation functions. We have
implemented, tested, and benchmarked it within our Angpow
public code. We have presented and discussed the full angu-
lar correlation functions in 2D space involving the density-
density correlation as well as the RSD-RSD and the RSD-
density terms, and compare the accuracy and speed to the
public code CLASSgal.
Our approach can also include other terms from the rela-
tivistic linear perturbation theory, such as the Doppler effect,
which implies some simple extra derivatives, or the lensing ef-
fects, which requires the angular derivatives of the Laplacian
operator.
Our code is fast enough to transform each model into con-
figuration space and to allow us to perform some clean pa-
rameter inference as if using a Monte-Carlo Markov Chain
procedure. Since it works directly in the observable space,
observers are not forced any more to inject some fiducial cos-
mology into their large-scale structure data analyses to con-
vert angles and redshift into distances. Data could then be in-
dependent of cosmological assumptions and be freely used to
test the ΛCDM-General Relativity paradigm, which has been
assumed in the derivation of the ξ(θ, z1, z2) close form expres-
sion of this work.
We thank R. Ansari for fruitful discussions throughout the
production of this work.
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Fig. 4.— Values of ξ(θ, z1, z2) presented as surface plots depending on θ and ∆z = z2 − z1 with z1 = 1, using Dirac (a), (c) or Gaussian (b), (d) redshift selection
functions and without (a), (b) or with (c), (d) RSD terms. For Gaussian selection we have used σ = 0.01 and a 5σ cut. The color scheme is just a one-to-one
correspondence of the vertical scale, but it allows one to appreciate the relief of the surface.
APPENDIX
AM1M2 AND BM1M2 COEFFICIENTS
Here are the expressions of the am1m2 and bm1m2 coefficients used in Equation (14) from reference Montanari & Durrer (2012),
where we have replaced βi by fa(zi) and r by R according to our definitions:
a00 =
(
1 +
1
3
( fa(z1) + fa(z2)) +
2
15
fa(z1) fa(z2)
)
ζ20 (R) −
(
1
6
( fa(z1) + fa(z2)) +
2
21
fa(z1) fa(z2)
)
ζ22 (R) +
3
140
fa(z1) fa(z2) ζ24 (R) ,
a20 =−
(
1
2
fa(z1) +
3
14
fa(z1) fa(z2)
)
ζ22 (R) +
1
28
fa(z1) fa(z2) ζ24 (R) ,
a02 =−
(
1
2
fa(z2) +
3
14
fa(z1) fa(z2)
)
ζ22 (R) +
1
28
fa(z1) fa(z2) ζ24 (R) ,
a22 =
1
15
fa(z1) fa(z2) ζ20 (R) −
1
21
fa(z1) fa(z2) ζ22 (R) +
19
140
fa(z1) fa(z2) ζ24 (R) ,
b22 =
1
15
fa(z1) fa(z2) ζ20 (R) −
1
21
fa(z1) fa(z2) ζ22 (R) −
4
35
fa(z1) fa(z2) ζ24 (R) ,
(A1)
DETAILS ON R(X1, X2, θ) AND A(X1, X2, θ) FUNCTION DERIVATIVES
In this Appendix we provide the detailed expressions for the derivative functions involved in Equation (26) and also first-order
derivatives that can be used in other use cases. To stabilize the oscillation behavior of these functions, it is convenient to perform
the derivation with respect to the square of the R function. In the following, we define x ≡ x2 − x1 and T ≡ θ/2. We start with the
derivatives of the R2 function, which yield
∂R2
∂x1
= −2x + 4x2 sin2 T, ∂R
2
∂x2
= 2x + 4x1 sin2 T,
∂2R2
∂x1∂x2
= −2 + 4 sin2 T, ∂
2R2
∂x21
=
∂2R2
∂x22
= 2 (B1)
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The higher-order derivatives with respect to x1 or x2 are null. Considering the derivatives of the R function itself yields
∂R
∂x1
=
1
2R
∂R2
∂x1
∂R
∂x2
=
1
2R
∂R2
∂x2
∂2R
∂x21
=
1
4R3/2
− (∂R2∂x1
)2
+ 4R2
 ∂2R
∂x22
=
1
4R3/2
− (∂R2∂x2
)2
+ 4R2

∂2R
∂x1∂x2
=
1
4R3/2
[
−∂R
2
∂x1
∂R2
∂x2
+ 2R2
∂2R2
∂x1∂x2
]
∂3R
∂x21∂x2
=
1
8R5/2
∂R2∂x2
3 (∂R2∂x1
)2
− 4R2
 − 4R2 ∂R2∂x1 ∂
2R2
∂x1∂x2

∂3R
∂x1∂x22
=
1
8R5/2
∂R2∂x1
3 (∂R2∂x2
)2
− 4R2
 − 4R2 ∂R2∂x2 ∂
2R2
∂x1∂x2
 ∂3R
∂x1∂x22
=
1
8R5/2
∂R2∂x1
3 (∂R2∂x2
)2
− 4R2
 − 4R2 ∂R2∂x2 ∂
2R2
∂x1∂x2

∂4R
∂x21∂x
2
2
=
1
16R7/2
−15 (∂R2∂x1
)2 (
∂R2
∂x2
)2
+ 12R2

(
∂R2
∂x1
)2
+
(
∂R2
∂x2
)2
+ 2
∂R2
∂x1
∂R2
∂x2
∂2R2
∂x1∂x2
 − 8R4
2 +
(
∂2R2
∂x1∂x2
)2
 (B2)
For the sake of completeness, the derivatives of sinc(x) = j0(x) using cos(x) and sinc(x) functions read
sinc(1)(x) =
1
x
(cos x − sinc x) , sinc(2)(x) = − 1
x2
(
2 cos x + (x2 − 2) sinc x
)
sinc(3)(x) =
1
x3
(
−(x2 − 6) cos x + 3(x2 − 2) sinc x
)
, sinc(4)(x) =
1
x4
(
4(x2 − 6) cos x + (x4 − 12x2 + 24) sinc x
)
(B3)
Note that the Taylor expansions at x = 0 of these derivative functions are
sinc(1)(x) ≈ −1
3
x +
1
30
x3 − 1
840
x5 + . . . , sinc(2)(x) ≈ −1
3
+
1
10
x2 − 1
168
x4 + . . .
sinc(3)(x) ≈ 1
5
x − 1
42
x3 +
1
1080
x5 + . . . , sinc(4)(x) ≈ 1
5
− 1
14
x2 +
1
216
x4 + . . . (B4)
Using the above results, the expressions of the A-function derivatives used in Equation (26) and also used in case to add j′(x)
contributions to Equation (30), are
∂A
∂x1
= sinc(1)(R)
∂R
∂x1
,
∂A
∂x2
=
∂A
∂x1
∣∣∣∣∣
x1→x2
∂2A
∂x21
= sinc(2)(R)
(
∂R
∂x1
)2
+ sinc(1)(R)
∂2R
∂x21
,
∂2A
∂x22
=
∂2A
∂x21
∣∣∣∣∣∣
x1→x2
∂2A
∂x1∂x2
= sinc(2)(R)
∂R
∂x1
∂R
∂x2
+ sinc(1)(R)
∂2R
∂x1∂x2
,
∂3A
∂x1∂x22
=
∂R
∂x1
sinc(3)(R)
(
∂R
∂x2
)2
+ sinc(2)(R)
∂2R
∂x22

+ 2 sinc(2)(R)
∂R
∂x2
∂2R
∂x1∂x2
+ sinc(2)(R)
∂3R
∂x1∂x22
∂3A
∂x21∂x2
=
∂3A
∂x1∂x22
∣∣∣∣∣∣
x1→x2
,
∂4A
∂x21∂x
2
2
= sinc(4)(R)
(
∂R
∂x1
)2 (
∂R
∂x2
)2
+ sinc(3)(R)

(
∂R
∂x1
)2
∂2R
∂x22
+ 4
∂R
∂x1
∂R
∂x2
∂2R
∂x1∂x2
+
(
∂R
∂x2
)2
∂2R
∂x21

+ sinc(2)(R)
2
(
∂2R
∂x1∂x2
)2
+ 2
∂R
∂x1
∂3R
∂x1∂x22
+
∂2R
∂x21
∂2R
∂x22
+2
∂R
∂x2
∂3R
∂x21∂x2
 + sinc(1)(R) ∂4R∂x21∂x22 (B5)
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The ∆θ operator action on the A-function involved in the lensing term (Section 3.3) reads
∆θ(A(x1, x2, θ)) =
(
cot θ
∂R
∂θ
+
∂2R
∂θ2
)
sinc(1)(R) +
(
∂R
∂θ
)2
sinc(2)(R)
∆2θ(A(x1, x2, θ)) =
(
cot θ csc2 θ
∂R
∂θ
− (1 + csc2 θ)∂
2R
∂θ2
+ 2 cot θ
∂3R
∂θ3
+
∂4R
∂θ4
)
sinc(1)(R)
+
−(1 + csc2 θ) (∂R∂θ
)2
+ 3
(
∂2R
∂θ2
)2
+
∂R
∂θ
[
6 cot θ
∂2R
∂θ2
+ 4
∂3R
∂θ3
] sinc(2)(R)
+ 2
(
cot θ
∂R
∂θ
+ 3
∂2R
∂θ2
) (
∂R
∂θ
)2
sinc(3)(R)
+
(
∂R
∂θ
)4
sinc(4)(R)
(B6)
with the derivatives of the R(x1, x2, θ) function with respect to θ
R
∂R
∂θ
= 4x1x2 cos θ sin θ
R3
∂2R
∂θ2
= 2x1x2
(
2(x1 + x2)2 cos 2θ − x1x2(3 + cos 4θ)
)
R5
∂3R
∂θ3
= −4x1x2 sin 2θ
(
2(x41 + x
4
2) + 8x1x2(x
2
1 + x
2
2) + 7x
2
1x
2
2 + x1x2(x1x2 cos 4θ − 2 cos 2θ (x1 + x2)2)
)
R7
∂4R
∂θ4
= −2x1x2
(
4 (x1 + x2) 2
(
2x41 + 8x
3
1x2 + 11x
2
1x
2
2 + 8x1x
3
2 + 2x
4
2
)
cos 2θ
+ x1x2
(
4
(
x41 + 4x
3
1x2 − 5x21x22 + 4x1x32 + x42
)
cos 4θ − 7
(
4x41 + 16x
3
1x2 + 13x
2
1x
2
2 + 16x1x
3
2 + 4x
4
2
)
+ x1x2
(
−x1x2 cos 8θ + 4 (x1 + x2) 2 cos 6θ
)))
(B7)
EQUALITY BETWEEN THE TRIPOLAR AND HARMONIC RESULT
We demonstrate here that both approaches in Sections 2.2 and 3.2 lead to equivalent results, although in different forms. We
take Equation (26) as the initial expansion and identify the coefficients proportional to fa(z1) ( fa(z2)) and fa(z1) fa(z2). Note that
the first term of expression (26) is easily identified as the a00 one in the expression (14) just simply because A(x1, x2, θ) = j0(kR),
as a result of Equation (25) (note that xi = kri). Thus, using a symbolic algebra package we can show that the term proportional
to fa(z1) can be expanded as
∂2A
∂x21
= −1
3
j0(kR) +
1
6
j2(kR) +
1
2
j2(kR) cos 2φ1 (C1)
One identifies the corresponding factors of a00 and a20 thanks to the minus sign of Equation (26), as the ζ2` expansion can be
interpreted as j` expansion. By the same method one can identify at which a00 and a20 factors correspond to ∂2A/∂x22.
To get the corresponding j` expansion of the ∂4A/∂x21∂x
2
2 term (B5) we use the following identities:
(
∂R
∂x1
)2 (
∂R
∂x2
)2
=
1
4
(
1 + cos 2φ1
) (
1 + cos 2φ2
)
(kR)

(
∂R
∂x1
)2
∂2R
∂x22
+ 4
∂R
∂x1
∂R
∂x2
∂2R
∂x1∂x2
+
(
∂R
∂x2
)2
∂2R
∂x21
 = 12
(
1 − cos 2φ1 cos 2φ2 + 2 sin 2φ1 sin 2φ2
)
(kR)2
2
(
∂2R
∂x1∂x2
)2
+ 2
∂R
∂x1
∂3R
∂x1∂x22
+
∂2R
∂x21
∂2R
∂x22
+ 2
∂R
∂x2
∂3R
∂x21∂x2
 = −14
(
1 + 3(cos 2φ1 + cos 2φ2) − 7 cos 2φ1 cos 2φ2
+ 8 sin 2φ1 sin 2φ2
)
= −(kR)3 ∂
4R
∂x21∂x
2
2
(C2)
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while the derivatives of the sinc(x) can be expanded as a linear combination of j`(x) with ` = 0, 2, 4 according to:
sinc(4)(x) =
1
5
j0(x) − 47 j2(x) +
8
35
j4(x)
sinc(3)(x)
x
=
1
5
j0(x) +
1
7
j2(x) − 235 j4(x)
− sinc
(1)(x)
x3
+
sinc(2)(x)
x2
=
1
15
j0(x) +
2
21
j2(x) +
1
35
j4(x).
(C3)
Then, gathering the different j` factors of the combination of Equations (C2) and (C3), we recover the contributions to a00, a20,
a02, a22, and b22. So, we find that the Equations (14) and (26) match perfectly, as expected.
